Using the dynamical matrix of a crystal obtained from ab initio calculations, we have evaluated for the first time the strength of the dynamic flexoelectric effect and found it comparable to that of the static bulk flexoelectric effect, in agreement with earlier order-of-magnitude estimates. We also proposed a method of evaluation of these effects directly from the simulated phonon spectra. This method can also be applied to the analysis of the experimental phonon spectra, being currently the only one enabling experimental characterization of the static bulk flexoelectric effect. 
The flexoelectric effect, which is a polarization response to a strain gradient, has been attracting appreciable attention of theorists and experimentalists. Being a higher-order effect with respect to piezoelectricity, it becomes appreciable at the nanoscale, where large strain gradients are expected. Recent experimental studies attest to many flexoelectricity-driven phenomena. For example, a strain gradient can work as an electric field via flexoelectric coupling: it can induce poling, switching, and rotation of polarization [1] [2] [3] [4] . It can create a voltage offset of hysteresis loops and smear the dielectric anomaly at ferroelectric phase transitions [5] . The flexoelectric effect actually represents 4 related phenomena: static and dynamic bulk flexoelectric effects, surface flexoelectric effect and surface piezoelectricity [6] .
Among the four effects only the static bulk flexoelectric effect can be viewed as a high-order analog of piezoelectricity. It is the only effect that has been quantitatively assessed by theorists [7] [8] [9] [10] [11] . In contrast, dynamic flexoelectricity has never been quantitatively assessed either theoretically or experimentally. Though, a general theory of the effect has being offered [12] . Concerning the size of the effect, it was only demonstrated that the dynamic effect is expected to be comparable to the static bulk flexoelectricity [6] . Thus, one raises the reasonable question of the real size of dynamic flexoelectricity. It is an important question since nowadays papers on electromechanical modelling involving flexoelectricity always neglect the dynamic flexoelectric effect. Another issue missing from the current state-of-the-art of flexoelectricity is a method of experimental evaluation of this effect.
In this Letter we present the results of quantitative modeling of the dynamic flexoelectric effect in cubic SrTiO 3 (STO), the classical perovskite material with the most studied flexoelectric properties. We will demonstrate that the size of the dynamic flexoelectric effect is indeed comparable to that of the static bulk flexoelectricity, identifying a situation where the dynamic effect is a few times larger than the static. We will also offer a method for the evaluation of the dynamic flexoelectric effect from simulated phonon spectra; the method that can also be used for assessment of this effect using experimental phonon data.
In terms of electromechanical constitutive equations [6] 
the static and dynamic bulk flexoelectric effects are introduced via the flexocoupling tensor f klij and tensor M ij , which will be termed as flexodymanic tensor, respectively. Equations
(1) and (2) are written in the Cartesian reference frame x i , summation over repeating suffixes is accepted. We use the following notation: P j -polarization, E j -macroscopic electric field,
(∂U i /∂x j + ∂U j /∂x i ) -strain tensor in the approximation of small strains.
When one is interested in the macroscopic (static or dynamic) response, one can neglect the last two terms in Eqs.
(1) and (2), which correspond to higher dispersions. Then, for the case of the static strain gradient (Ü j = 0), defining the flexoelectric response under the condition of a vanishing macroscopic field [6] , Eq. (1) yields
where the flexoelectric tensor reads as
Equations (3) and (4) describe the static bulk flexoelectric effect.
In the dynamic case, eliminatingÜ j between (1) and (2) one finds an alternative expression for the flexoelectric tensor
Equation ( In this work we are interested in the evaluation of the dynamic bulk flexoelectric effect and its comparison with the static effect for an STO crystal, in the Born-charge approximation.
To do this, the tensors M xm and f ijxl were obtained using the expansion of the dynamical matrix A ip,i p ( q) calculated with the long-range contribution of the macroscopic electric field being excluded [12] . Here, the suffixes i and i enumerate the Cartesian components of the atomic displacements while p and p -atoms in an elementary unit cell of the crystal;
q denotes the wave-vector. Specifically, one needs the coefficients of the following longwavelength expansion of the dynamical matrix
and the matrix Γ ip,i p , that is the inverse of the singular matrix A
ip,i p defined in a special way [13] . The results of Tagantsev's approach [12] , written for a cubic crystal of perovskite structure in the Born charge approximation, can be summarised as follows
where all summations are done over all s atoms of the unite cell. Here v is the volume of the unit cell; Q ij,p and m p are the matrix of the Born charges and the mass of p-th atom in the unit cell; χ is the only non-zero component (in a cubic crystal) of the tensor of dielectric susceptibility [13] 
Thus to find the tensors χ xm , M xm and f ijxl , only the matrices A We found A ip,i p ( q) and Q ix,p using first principles calculations. Since, within zero Kelvin DFT calculations, the cubic structure of STO is unstable (negative squares of phonon frequencies for the soft-mode phonons) we performed our calculations under a hydrostatic pressure of 78 kBar to stabilize it, corresponding to approximately 1% elastic strain. Since the tensors M xm and f ijxl are not critically small, in view of the Landau theory arguments and atomic estimates, such strain is expected to induce some 1% modifications of these tensors. On the same lines, the result of zero-Kevin calculations should give a reasonable approximation of the finite-temperature values of these tensors. Such an approach is justified by the experience of zero-Kevin calculations of elastic constants. This way, we believe that the estimates obtained here are valid for realistic finite temperature and pressure.
The evaluation of the contribution of dynamic flexoelectricity to the total flexocoupling tensor f tot ijxl , as is clear from Eq. (6), requires the values of the elastic constants c mlij which we also evaluated using the dynamical matrix, specifically for perovskite cubic structure using the relationship [13] 
The technical details of the calculations are as follows. The calculations were done for cubic STO exploiting the Quantum ESPRESSO (QE) [14] ab initio package within the GGA PBE exchange-correlation functional with ultrasoft pseudopotentials [15] . We have used an automatically generated uniform 16x16x16 grid of k-points, the kinetic energy cutoff for wavefunctions was 80 Ry. The calculations of phonon spectrum are done using Density
Functional Perturbation Theory (DFPT) [16] as implemented in the PHonon code. The energy threshold for self-consistency was chosen to be equal to 10 −20 Ry with the help of convergence tests for gamma point phonons.
To find the independent components of tensors ip,i p matrices needed to finalize the calculations using Eqs. (8)- (12).
The results of the calculations are presented in Tables I and II. A remarkable observation, which forms the main message of this Letter, is a very strong renormalization of the flexocoupling tensor by dynamic flexoelectricity: it is seen that the corresponding components of the tensors f ijkl and f tot ijkl can drastically differ. This implies that the traditional neglect of dynamic flexoelectricity in the dynamic electromechanical simulations incorporating flexoelectricity is inadmissable. Notably, the dynamic flexoelectricity can play an essential role in the frequency dependence of the electromechanical response close to the frequencies of mechanical resonances of the sample. The point is that such response is expected to be sensitive to the dynamic flexoelectricity only above the relevant resonance frequency [6] .
The results of our calculations of the dynamical matrix provide us with an alternative way of evaluating some components of the material tensors of STO directly from the phonon dispersion curves. This will provide a cross-check of the above results. In addition, the method presented below will offer a way of evaluating these tensors from the experimental phonon spectra of the material. We suggest fitting the long-wavelength part of the lowenergy spectrum of the crystal to that obtained from the continuum theory, incorporating dynamic flexoelectricity. continuum theory equations, Eqs. (1) and (2) with E i = 0, yield the following dispersion equation for the frequency ω of the transverse modes [6] :
where the coefficients f eff , c eff , and g eff are defined according to the direction:
[110] :
(c 11 − c 12 )
[111] :
(c 11 − c 12 + c 44 )
and γ can be found from the frequency of the lowest TO mode at Γ-point and the susceptibility, namely [18, 20, 21] 
The roots of Eq. (13) with coefficients defined by Eqs. (15) and (17) One can perform the analysis of the dispersion of the acoustic branch by using Eq. (13) and get information on the parameters f eff and M . In the case of weak interaction between the branches (lowest order in q), the relative shift of the acoustic branch can be found as
where f tot eff is defined as f
consistent with Eq. (6). As is clear from Eq. (19) , the deviation of the TA branch from the linear dispersion corresponds to the difference
The repulsive character of the interaction between the TA and TO branches (or lowering of the acoustic branch) is seen from the sign of rhs in expression (19) . As for its magnitude, it is mainly controlled by the total flexocoupling coefficient (20) , which has both dynamic and static contributions. One should note that, attempting to evaluate the flexocoupling tensor, such fit was done in several papers [18] [19] [20] [21] , however neglecting dynamic flexoelectricity, which is unacceptable in view of the results presented above. Thus, the lowest order in the q 2 analysis of |ω 2 −ω 2 A | can only provide information about the total flexocoupling coefficient, not distinguishing between the static and dynamic contributions. The distinction between f and f tot can be obtained by expanding the solution to Eq. (6) up to the next power in q:
A form of (21) suitable for analysis reads directions. An example of such a fit is shown in Fig. 2 . It is worth mentioning that the reliable evaluation of the flexoelectric parameters directly from the spectrum is a challenging computational task. The problem is that, on one hand, one is interested in the long-wavelength limit of the spectrum, on the other hand, close to the Γ-point the violation of the acoustic sum rules corrupts the simulated spectrum [16] . Thus, for this evaluation, only a limited interval of the eigenvectors should be used for the fit, as it was done in Fig.2 . Here, we used the simulated TA and TO frequencies for ω 2 and
A and γ were found using Eqs. (14) and (18) with the susceptibility and elastic constants obtained from the results of the same first principles calculations. Then, based on the results of the fit, using (20) The proposed method of evaluating the components of flexodynamic and flexocoupling tensors from the simulated spectra can also be applied for the determination of these components from the experimental phonon dispersion curves of materials exhibiting a ferroelectric soft mode. Thus, having information about phonon dispersion, dielectric susceptibility, and density of the material, one can exploit the above described method to find the flexodymanic tensor and certain combinations of flexocoupling coefficients experimentally. It is of importance to mention that, formally, this method can be applied to the phonon spectrum of any material, however in the absence of low-energy TO mode, it will not give reliable information on the sought tensors. The point is that in such a situation the self-dispersion of the TA mode (which is always present and related to other effects) is expected to be of the same order of magnitude as the dispersion caused by flexoelectricity.
It should be noted that for the moment the proposed method seems to be the only one enabling the evaluation of the strength of the static bulk flexoelectric effect (i.e. flexocoupling tensor) since static experiments in a finite sample (like those done by Zubko et al [22] ) yield the sum of the static bulk and surface contributions, which, in general, are comparable [6] .
In conclusion, using ab initio DFPT calculations, for strontium titanate, we have evaluated the strength of the dynamic flexoelectric effect and compared it to that of the static bulk flexoelectric effect. We have found these effects to be of a comparable magnitude, in agreement with earlier order-of-magnitude estimates [12] . We identified the situation where the dynamic effect is a few times stronger. Taking into account that, currently, all experimental studies and simulations involving flexoelectricity ignore the dynamic effect, we believe that our findings are of importance. We have also offered a method for extracting information on flexodynamic and flexocoupling tensors using a simulated phonon spectrum. This method can be applied to the treatment of experimental phonon spectra, being currently the only method enabling an experimental evaluation of the size of the bulk flexoelectric effect. This project was supported by the grant of Swiss National Science Foundation, No.
